[1] We use a revised partitioning of the planet figure into equilibrium and nonequilibrium contributions that takes into account the presence of an elastic lithosphere to study the Martian gravity field and shape. The equilibrium contribution is associated with the present rotational figure, and the nonequilibrium contribution is dominated by Tharsis and a remnant rotational figure supported by the elastic lithosphere that traces the paleopole location prior to the formation of Tharsis. We calculate the probability density functions for Tharsis' size and location, the paleopole location, and the global average thickness of the elastic lithosphere at the time Tharsis was emplaced. Given the observed degree-3 spherical harmonic gravity coefficients, the expected Tharsis center location is 258.6 ± 4.2°E, 9.8 ± 0.9°N, where the uncertainties represent the 90% confidence interval. Given this Tharsis center location and the observed degree-2 spherical harmonic gravity coefficients, the expected paleopole location prior to the emplacement of Tharsis is 259.5 ± 49.5°E, 71.1 −14.4 +17.5°N , and the expected elastic lithospheric thickness at the time of loading is 58 −32 +34 km. Our estimated paleopole colatitude implies 18.9 −17.5 +14.4°o f true polar wander (TPW) driven by the emplacement of Tharsis, in disagreement with previous studies that invoke large TPW. The remnant rotational figure is visible in both the nonequilibrium degree-2 geoid (areoid) without Tharsis and the nonequilibrium degree-2 topography without Tharsis. The remnant rotational figure is also visible in the total nonequilibrium geoid without Tharsis, but it is not visible in the total nonequilibrium topography without Tharsis due to the strong signal of the north-south dichotomy. Shorter wavelength geological features become significantly more visible in the geoid with the removal of the long wavelength contributions of the equilibrium rotational figure, Tharsis, and the remnant rotational figure. Removal of the equilibrium rotational figure and Tharsis from the topography reveals a better defined north-south dichotomy boundary.
Introduction
[2] The gravitational figure of planetary bodies is commonly partitioned into hydrostatic and nonhydrostatic contributions (hereafter nonhydrostatic theory). In this case, under the assumption that the planet has no long-term rigidity, the hydrostatic contribution corresponds to the rotational figure assuming hydrostatic equilibrium. The remaining gravitational figure comprises the nonhydrostatic contribution. However, the nonhydrostatic theory is generally not suitable for planets with an elastic lithosphere like Mars. Bills and James [1999] noted that the present Martian rotational state is unstable in the framework of the nonhydrostatic theory. Daradich et al. [2008] showed that the present Martian rotation pole is stable, as expected, with a revised partitioning into equilibrium and nonequilibrium contributions (hereafter nonequilibrium theory). We extend their analysis in several ways. First, Daradich et al. [2008] focused on two degree-2 spherical harmonic gravity coefficients (C 20 and C 22 ), while we consider all the degree-2 spherical harmonic coefficients. Second, Daradich et al. [2008] used the Tharsis center location estimated by Zuber and Smith [1997] . The latter study adopts the traditional partitioning of the gravitational figure, while we calculate the location of the Tharsis center using a method that is independent of the adopted partitioning. Third, in addition to finding best fit solutions, we calculate probability density functions for the thickness of the elastic lithosphere, Tharsis' size and location, and the paleopole location given the observed spherical harmonic gravity coefficients. Finally, we consider the effect of the equilibrium and nonequilibrium contributions on the Martian gravity field and shape.
[3] Gravitational field observations have been used to argue for large true polar wander (TPW), a change in the orientation of a planet relative to its rotation vector, driven by the mass distribution associated with the emplacement of Tharsis [Zuber and Smith, 1997; Sprenke et al., 2005] . However, these studies adopt the traditional partitioning of the gravitational figure into hydrostatic and nonhydrostatic contributions. Our probability density functions for the paleopole longitude and latitude provide revised constraints on the possible TPW driven by the formation of Tharsis.
Traditional Partitioning of the Gravitational Figure
[4] We expand the gravity field at a point with spherical coordinates (r, , ) in spherical surface harmonics as
where G is the gravitational constant, M is the planet mass, R is the mean planetary radius, P 'm is the associated Legendre function, and C 'm and S 'm are spherical harmonic coefficients. We adopt the sign convention of geodesy and astronomy in which the gravitational potential is positive, and the following definition for the associated Legendre functions [e.g., Arfken and Weber, 1995] ,
where P ' is a Legendre polynomial. We use the Jet Propulsion Laboratory Mars gravity field MRO95A [Zuber, 2008] . The unnormalized degree-2 spherical harmonic coefficients are listed in Table 1 .
[5] Given the unnormalized degree-2 spherical harmonic coefficients, the total inertia tensor can be written as [e.g., Lambeck, 1980] I ij ¼ I 0 ij þ MR where d ij is the Kronecker delta and I 0 is a spherically symmetric contribution that is not constrained by the spherical harmonic coefficients. Replacing the observed spherical harmonic coefficients (Table 1) in equation (3) and diagonalizing the inertia tensor yields a maximum principal axis that is nearly aligned with the present rotation axis (the offset is <2 × 10 −5 degrees), as expected. [6] Using the nonhydrostatic theory, Sprenke et al. [2005] estimated the most stable rotation pole location prior to the emplacement of Tharsis by diagonalizing the nonhydrostatic inertia tensor without contributions associated with Tharsis. They followed the numerical procedure of Zuber and Smith [1997] to remove Tharsis' contribution to the nonhydrostatic gravity field and inertia tensor assuming a 6% nonhydrostatic Tharsis contribution to the spherical harmonic coefficient C 20 . This is in the range estimated by Bills and James [1999] , ∼5-7%, based on the observed precession rate and the nonhydrostatic theory.
[7] We revisit the analysis of Sprenke et al. [2005] to illustrate the apparent instability of the present rotational state in the framework of the nonhydrostatic theory, and to validate an analytic method for removing Tharsis contributions from the gravity field that will be used in the following sections. Assuming that Tharsis is axisymmetric at long wavelengths, we can characterize the direct and deformational Tharsis contributions to the gravity field with the spherical harmonic coefficients for the case when the symmetry axis is aligned with the z axis, C '0
T,TD′
. Note that C 'm T,TD′ = 0 for m ≠ 0 by symmetry in this case. We use the "T" and "TD" superscripts to identify Tharsis and deformational effects of Tharsis, respectively. The spherical harmonic coefficients for the case with the Tharsis center at an arbitrary location with spherical coordinates ( T , T ) are given by
where we use the addition theorem for spherical harmonics (e.g., equation (12.171) [Arfken and Weber, 1995, p.746] ) and d m0 is the Kronecker delta. For each spherical harmonic degree ', we can find the best fit C '0 T,TD′ by finding the minimum of the misfit function,
where C 'm NH and S 'm NH are the nonhydrostatic spherical harmonic coefficients. We minimize equation (5) with Mathematica implementations of the downhill simplex and simulated annealing methods [e.g., Press et al., 1992, chapter 10] . Following Sprenke et al. [2005] , if we assume a 6% nonhydrostatic contribution to the observed C 20 (the other coefficients are 100% nonhydrostatic) and the Tharsis center location estimated by Zuber and Smith [1997] (248.33°E, 6 .67°N) minimization of equation (5) yields C 20 T′ = 2.34857 × 10 −4 . The corresponding degree-2 spherical harmonic coefficients for the Tharsis center at 248.33°E, 6.67°N can be found using equation (4) and are listed in Table 1 .
[8] The nonhydrostatic spherical harmonic coefficients after removing Tharsis' contribution are also listed in Table 1 . We use the Jet Propulsion Laboratory Mars gravity field MRO95A [Zuber, 2008] . The nonhydrostatic coefficients are calculated assuming a 6% nonhydrostatic contribution to C 20 . The Tharsis spherical harmonic coefficients are calculated using equation (4) , T = 90°-6.67°, and T = 248.33°. The last column is calculated by removing the Tharsis coefficients from the nonhydrostatic coefficients.
Replacing these spherical harmonic coefficients in equation (3) and diagonalizing the inertia tensor to calculate the maximum principal axis orientation and the corresponding paleopole location prior to the emplacement of Tharsis yields 206.8°E, 30.1°N. Figure 1a shows the nonhydrostatic geoid (areoid) without Tharsis using the same spherical harmonic coefficients. The geoid minima in Figure 1a correspond to the location of the paleopole and the antipodal pole. Our estimated paleopole location in the framework of the nonhydrostatic theory is in agreement with the numerical result of Sprenke et al. [2005] (210°E, 30°N).
[9] Bills and James [1999] argued that the finite rigidity of Mars complicates the traditional partitioning into hydrostatic and nonhydrostatic contributions. They noted an apparent instability of the present Martian rotational state when this traditional partitioning is adopted. However, Sprenke et al.
[2005] did not consider implications for the present rotational state. In the traditional nonhydrostatic theory, the present rotation pole location is determined by all the nonhydrostatic contributions, including those associated with Tharsis. The nonhydrostatic spherical harmonic coefficients assuming a 6% nonhydrostatic contribution to C 20 are listed in Table 1 . Replacing these spherical harmonic coefficients in equation (3) and diagonalizing the inertia tensor to calculate the maximum principal axis orientation and the corresponding present rotation pole location yields 165.0°E, 0°N. Figure 1b shows the nonhydrostatic geoid, including Tharsis contributions, using the same spherical harmonic coefficients. Once again, the geoid minima in Figure 1b correspond to the two rotation poles. As Bills and James [1999] noted, the equatorial location of the maximum principal axis implies that the present-day rotational state is unstable. The apparent instability is due to the neglect of stabilization by the remnant rotational figure supported by the elastic lithosphere [Willemann, 1984; Matsuyama et al., 2006] .
Revised Partitioning of the Gravitational Figure
[10] If the presence of an elastic lithosphere is taken into account using the nonequilibrium theory, the gravitational figure can be partitioned into equilibrium and nonequilibrium contributions [Daradich et al., 2008] . We illustrate the sequence of events and physics that underlies this partitioning in Figure 2 Figures 2d and 2e is identical, and the equilibrium and nonequilibrium contributions must be calculated assuming the elastic lithospheric thickness at the time of loading by Tharsis.
[11] Daradich et al. [2008] showed that the present Martian rotational state is stable when the partitioning into equilibrium and nonequilibrium contributions is adopted, and we will not repeat this analysis here. For Mars, the nonequilibrium gravitational figure has contributions from Tharsis, a remnant rotational figure supported by the elastic lithosphere, and any excess contributions. Thus, the degree-2 spherical harmonic coefficients can be written as
where we use the superscripts "EQ," "RR," "T,TD," and "EX" to identify equilibrium, remnant rotational figure, Tharsis, and excess contributions respectively. Once again, the Tharsis contributions include the deformation of the planet in response to Tharsis, hence the superscript "T,TD."
[12] In a reference frame with the z axis aligned with the present rotation axis, the only nonzero equilibrium degree-2 spherical harmonic coefficient is
where k 2 T is the secular degree-2 tidal Love number and w is the final rotation rate. Replacing this spherical harmonic coefficient in equation (3) and setting the other coefficients to zero yields a diagonalized inertia tensor with the maximum principal axis aligned with the rotation axis (z axis), as expected. The dimensionless tidal Love number describes the response to tidal forcings and depends on the planet's interior structure and rheology. We adopt a five-layer internal structure model similar to the one adopted by Bills and James [1999] , as described in Table 2 . We use the method of Sabadini and Vermeersen [2004] to calculate the corresponding Love numbers. Figure 3a shows k 2 T for elastic lithospheric thicknesses in the range 0-200 km.
[13] Remnant rotational figure contributions arise due to changes in rotation rate and/or orientation of the rotation axis. These contributions are associated with the mass distribution that retains a memory for prior rotational states due We adopt the five-layer internal structure model described in Table 2. to long-term elastic strength. Thus, these contributions are aligned with the initial (prior to reorientation) rotation axis. The remnant rotational figure contributions can be written as [Matsuyama and Nimmo, 2009] 
where k 2 T* is the secular (or fluid limit) degree-2 tidal Love number for the case without an elastic lithosphere, w * is the initial rotation rate, and R and R are the spherical coordinates for the initial rotation pole. The remnant rotational figure is established in response to loading by Tharsis. Thus, the degree-2 tidal Love number for the case with an elastic lithosphere in equations (7) and (8), k 2 T , must be calculated assuming the elastic lithospheric thickness at the time of loading by Tharsis. Replacing the spherical harmonic coefficients for the remnant rotational figure in equation (3) and diagonalizing the inertia tensor yields a maximum principal axis aligned with the initial rotation axis, as expected.
[14] Given an interior structure model and the corresponding Love numbers, there are two unknowns for the spherical harmonic coefficients of the remnant rotational figure (the initial rotation pole coordinates) and five unknown degree-2 spherical harmonic coefficients of Tharsis. Thus, even if we ignore any excess contributions, there are five constraints (the observed degree-2 spherical harmonic coefficients) and seven unknowns, and the system is underdetermined. Assuming that Tharsis is predominantly axisymmetric at long wavelengths, the total degree-2 spherical harmonic coefficients, excluding excess contributions, can be written as (ignoring terms associated with tidal deformation [Matsuyama and Nimmo, 2009] )
where T and T are the spherical coordinates of the Tharsis center. Tharsis' size is given by the dimensionless load size
where C 20 T ′ is the (uncompensated) Tharsis spherical harmonic coefficient for the case when the symmetry axis is aligned with the z axis. Since we assume that Tharsis is axisymmetric, the excess contributions include nonaxisymmetric Tharsis contributions. In equation (10), k 2 L is the secular degree-2 load Love number for the case with an elastic lithosphere, and the factor of 1 + k 2 L , where k 2 L < 0, accounts for the deformation due to Tharsis loading. Figure 3b shows k 2 L for elastic lithospheric thicknesses in the range 0-200 km.
Tharsis Center Location and Size
[15] Zuber and Smith [1997] estimated the Tharsis center location (248.33°E, 6.67°N) using the nonhydrostatic theory and assuming a 5% contribution to the observed spherical harmonic coefficient C 20 . Once again, in the nonhydrostatic theory, the partitioning of the gravitational figure into hydrostatic and nonhydrostatic contributions leads to an apparent instability of the present-day rotational state. If we take into account the presence of an elastic lithosphere using the nonequilibrium theory, we can calculate the nonequilibrium contribution to C 20 by subtracting the equilibrium contribution (equation (7)) from the observed value. This yields nonequilibrium contributions of 7%, 13%, and 19% for elastic lithospheric thickness of 0, 50, and 100 km, respectively. Our estimate for the case with no elastic lithosphere, 7%, is consistent with the estimate of Bills and James [1999] , ∼5%-7%, using the nonhydrostatic theory, as expected since there is no remnant rotational figure in this case.
[16] Although it is possible to find best fit solutions for the paleopole location ( R and R ), Tharsis size (Q), and the Tharsis center location ( T and T ) simultaneously using the method described in the following section, the problem is greatly simplified if the Tharsis center location and/or size are known a priori. The equilibrium and remnant rotational figure contributions to the gravity field are limited to spherical harmonic degree 2. Thus, the spherical harmonic coefficients for higher degrees (' > 2) can be written as
where we use the "T," "TD," and "EX" superscripts to identify Tharsis, deformational effects of Tharsis, and excess contributions respectively. Since there are no equilibrium and remnant rotational figure contributions, we can assume that Tharsis dominates the degree-3 gravity field. In this case, assuming an axisymmetric Tharsis and using the addition theorem for spherical harmonics (equation (4)), tan T ∼ S 31 /C 31 , tan(2 T ) ∼ S 32 /C 32 , and tan(3 T ) ∼ S 33 /C 33 . Using the MRO95A spherical harmonic coefficients [Zuber, 2008] , this yields T = 261°, 256°, and 252°for the order 1, 2, and 3 spherical harmonic coefficients respectively. These simple estimates are in good agreement with each other and with the observed Tharsis center location, validating our assumption that an axisymmetric Tharsis dominates the degree-3 gravity field.
[17] The simplest assumption for the degree-3 excess contributions in equation (11), including nonaxisymmetric Tharsis contributions, is that they represent random perturbations. In this case, we can find best fit solutions for the Tharsis center location and size by minimizing the misfit function
[18] In equation (12), C 3m OBS and S 3m OBS are the observed spherical harmonic coefficients, and the predicted degree-3 Tharsis coefficients, C 3m T,TD and S 3m
T,TD
, are given by equation (4). The latter are functions of a single spherical harmonic coefficient (C 30
T,TD′
) and the Tharsis center location ( T and T ). Since we assume an axisymmetric Tharsis, the symmetry axes for the degree-2 and the degree-3 gravity field associated with Tharsis are the same. Minimization of equation (12) yields a best fit solution with C 30 T,TD′ = 1.3055 × 10 −4 , T = 80.2°and T = 258.6°. This estimate of the Tharsis center longitude agrees with the simple estimate above using the ratio between spherical harmonic coefficients.
[19] We can extend equation (12) to consider higher degree spherical harmonic coefficients. Assuming that Tharsis is predominantly axisymmetric up to degree 5, we can find best fit solutions for the Tharsis center location and spherical harmonic coefficients by minimizing the misfit function
[20] Minimization of equation (13) yields T = 80.5°, T = 257.3°, C 30 T,TD′ = 1.31603 × 10 −4 , C 40 T,TD′ = 5.28363 × 10 −5 , and C 50 T,TD′ = −2.13278 × 10 −5 . These best fit solutions are in agreement with the solutions described above using the degree-3 spherical harmonic coefficients alone, validating our assumption that Tharsis is predominantly axisymmetric at long wavelengths. Our results are not sensitive to the particular spherical harmonic degree chosen for the truncation in equation (13). For example, choosing degree 6 as the truncation degree yields T = 80.6°, T = 257.2°, C 30 T,TD′ = 1.32316 × 10 −4 , C 40 T,TD′ = 5.25002 × 10
−5
, C 50 T,TD′ = −2.15358 × 10 −5 , and C 60 T,TD′ = −2.19211 × 10 −5 .
[21] Unless otherwise stated, we adopt the method for finding the best fit Tharsis parameters based on the degree-3 spherical harmonic coefficients alone throughout the rest of the paper. The probability density function (PDF) for the observed degree-3 spherical harmonic coefficients given the Tharsis spherical harmonic coefficient (C 30 T,TD′ ) and the Tharsis center location ( T and T ) is proportional to c 3 −N/2 , where N = 7 is the number of degree-3 spherical harmonic coefficients [Sivia and Skilling, 2006, section 8.2] :
[22] Using Bayes' theorem [Sivia and Skilling, 2006] , the PDF for the unknown model parameters (C 30 T,TD′ , T , and T ) given the observed spherical harmonic coefficients is also proportional to c 3 −N/2 if we assume a uniform distribution for the prior PDF(C 30
, T , T ). Thus,
[23] Note that this PDF is independent of the thickness of the elastic lithosphere since there are no equilibrium or remnant rotational figure contributions to the degree-3 gravity field. Using marginalization [Sivia and Skilling, 2006] , the PDFs for the Tharsis colatitude, longitude, and spherical harmonic coefficient given the observed degree-3 spherical harmonic coefficients are given by
respectively. We assume 0 < T < 180°and 0 < T < 360°f or the Tharsis center location integration domains, and a finite domain around the best fit C 30 T,TD′ = 1.3055 × 10 −4 . The PDFs in equation (16) are shown in Figure 4 . The maxima of the PDFs represent the most likely values given the observed degree-3 spherical harmonic coefficients and coincide with the parameters of the best fit solution C 30 T,TD′ = 1.3055 × 10 −4 , T = 80.2°and T = 258.6°. The area under the PDF between two values is proportional to how much we believe the parameter of interest is in that range. The shaded regions in Figure 4 enclose the smallest 90% confidence interval: 79.3°< T < 81.2°and 254.4°< T < 262.8°.
Paleopole Location and Thickness of the Elastic Lithosphere
[24] The degree-2 gravity field has equilibrium, remnant rotational figure, Tharsis, and excess contributions (equation (6)). Similar to the degree-3 excess contributions, given our assumption of axisymmetry for Tharsis, the excess contributions also include Tharsis perturbations from axisymmetry. Once again, the simplest assumption for the excess contributions is that they represent random perturbations. Under this assumption, we can find best fit solutions by minimizing the misfit function
[25] In equation (17), C 2m OBS and S 2m OBS are the observed spherical harmonic coefficients, and C 2m and S 2m are the predicted spherical harmonic coefficients for the equilibrium, remnant rotational figure, and Tharsis contributions given by equation (9). The predicted spherical harmonic coefficients are functions of the Tharsis size and location (Q, T , and T ), the paleopole location ( R and R ), and the degree-2 Love numbers, which in turn depend on the elastic lithospheric thickness (T e ). We ignore rotation rate variations. Given the Tharsis center location inferred using the degree-3 gravity field ( T = 80.2°and T = 258.6°), we find best fit solutions for the degree-2 gravity field by minimizing equation (17) with respect to Tharsis size (Q) and the paleopole location ( R and R ).
[26] The probability density function (PDF) for the unconstrained model parameters (T e , Q, R , and R ) given the observed degree-2 spherical harmonic coefficients (C 2m and S 2m ) and the Tharsis center location ( T and T ) is proportional to c 2 −N/2 , where N = 5 is the number of degree-2 spherical harmonic coefficients [Sivia and Skilling, 2006, section 8 .2],
[27] In equation (18), c 2 is given by equation (17) and we use Bayes' theorem [Sivia and Skilling, 2006] under the assumption of a uniform distribution for the prior PDF(T e , Q, R , R ) over a specified interval. Since the Love numbers in equation (9) are functions of the elastic lithospheric thickness (T e ), we highlight this dependency in equation (18).
[28] Using marginalization [Sivia and Skilling, 2006] , the PDFs for the elastic lithospheric thickness, Tharsis size, and the paleopole colatitude and longitude are given by
[29] We adopt the following integration domains for the paleopole location: 0 ≤ R < 90°and T − 90°≤ R ≤ T + 90°.
[30] Turcotte et al.
[2002] estimate a global average elastic lithospheric thickness T e = 90 ± 10 km using correlations between gravity anomalies and topography. This estimate includes topography that formed at various times and the thickness of the elastic lithosphere generally increases with time [Zuber et al., 2000; McKenzie et al., 2002; McGovern et al., 2004] , as expected due to cooling. Therefore, we adopt 100 km as a conservative upper limit. As we will show below, the PDF for the elastic lithospheric thickness approaches zero as T e approaches ∼15 km (Figure 5d ). Thus, we adopt 15 km as a reasonable lower limit.
[31] We estimate the Tharsis size integration domain using the degree-3 spherical harmonic coefficient associated with Tharsis, C 30 T,TD′ , and assuming a surface density distribution for Tharsis [Willemann, 1984] ,
where s 0 is the surface density at the center ( = 0) and y is the angular radius of Tharsis. The value of s 0 is not important since it drops out of equation (22) below. The degree-2 and degree-3 spherical harmonic coefficients associated with Tharsis and the deformation of the planet in response to loading by Tharsis are given by where k 2 L and k 3 L are the secular degree-2 and degree-3 load Love numbers. Thus, the normalized degree-2 Tharsis size (equation (10)) can be written as
[32] Assuming an angular radius y = 35°for Tharsis yields 0.7 < Q < 4.6 for elastic lithospheric thicknesses in the range 15-100 km. This estimate requires assuming a particular surface density distribution; however, our results are not sensitive to the adopted Tharsis size integration domain.
[33] Figure 5 shows the PDF for the paleopole location, Tharsis size, and thickness of the elastic lithosphere using equation (19) . The maximum of the PDF represents the most likely value: R = 14.8°, R = 259.5°, Q = 1.6, and T e = 40 km. The area under the PDF between two values is proportional to how much we believe the parameter of interest is in that range. The shaded regions in Figure 5 enclose the smallest 90% confidence interval: 1.4°< R < 33.3°, 210.0°< R < 309.0°, 1.2 < Q < 4.0, and 26 km < T e < 92 km. Although the maximum of the PDF indicates the single most probable value for the parameter of interest X, the weighted average, X
or expected value, is more representative since it takes into account the asymmetry of the PDF. The expected values are R = 18.9°, R = 259.5°, Q = 2.5, and T e = 58 km. Note that the expected and most likely values for the paleopole longitude are identical since the PDF is symmetric about the maximum (Figure 5b) . Similarly, the expected and most likely values for the PDFs of Tharsis' location (Figure 4 ) are identical.
[34] Assuming an axisymmetric Tharsis and ignoring excess contributions at spherical harmonic degree 2, rotational stability requires the paleopole longitude to be equal to the Tharsis center longitude . The expected paleopole longitude, 259.5°, and Tharsis center longitude, 258.6°, nearly satisfy this; validating our assumption of a predominantly axisymmetric Tharsis and small excess contributions to the gravitational figure. Similarly, under the same assumptions, rotational stability requires ,
where
quantifies the stabilizing effect of the elastic energy in the lithosphere by reducing the effective Tharsis size. In equation (25), m, n, and T e are the shear modulus, Poisson's ratio, and thickness of the elastic lithosphere respectively; and h 2 T is the secular degree-2 displacement tidal Love number (Figure 3c ). Assuming n = 0.25 and m = 45 GPa (Table 2 ) and replacing the expected values; Q = 2.5, T = 80.2°, and T e = 58 km; in equations (24) and (25) yields b ∼ 1.5 and R = 16.4°; which is slightly smaller than the expected paleopole colatitude, 18.9°. The small discrepancy could be due to small excess contributions, including nonaxisymmetric Tharsis contributions. There are two possible solutions for the paleopole colatitude in equation (24), 16.4°a nd 90°-16.4°= 73.6°, both of which are consistent with rotational stability given Tharsis' size and colatitude. Our analysis provides an independent constraint that favors the small TPW solution.
Gravity Field
[35] Figure 6 shows the observed geoid and illustrates the effect of removing the equilibrium rotational figure, Tharsis, and the remnant rotational figure. We use the Jet Propulsion Laboratory Mars gravity field MRO95A [Zuber, 2008] . It is useful to consider the degree-2 geoid alone since the equilibrium and remnant rotational figure only affect the degree-2 geoid. Figure 6a shows the observed degree-2 geoid. For the expected thickness of the elastic lithosphere, T e = 58 km, k 2 T = 1.10 (Figure 3a) , and the only nonzero equilibrium degree-2 spherical harmonic coefficient is C 20 EQ = −1.68468 × 10 −3 (equation (7)). We calculate the Tharsis and remnant rotational figure spherical harmonic coefficients using equation (9) with the expected model parameters ( T e = 58 km, Q = 2.5, T = 80.2°, T = 258.6°, R = 18.9, and R = 259.5°) and ignoring equilibrium contributions. Table 3 lists the degree-2 Tharsis and remnant rotational figure spherical harmonic coefficients.
[36] The equilibrium rotational figure dominates the observed degree-2 geoid (Figure 6a ). The degree-2 nonequilibrium geoid (Figure 6b ), calculated by removing the equilibrium rotational figure from the observed degree-2 geoid, is dominated by Tharsis. The nonequilibrium geoid is not fully centered around Tharsis due to the remnant rotational figure and excess contributions. The remnant rotational figure becomes visible after removal of Tharsis from the nonequilibrium geoid (Figure 6c ). Figure 6d shows the excess geoid; that is, the nonequilibrium geoid without the Tharsis and remnant rotational figure contributions. The excess contributions are smaller than the nonequilibrium contributions, dominated by the Tharsis and remnant rotational figure, by roughly an order of magnitude. The excess geoid is offset with respect to the Tharsis geoid, as expected if it represents excess contributions that are not associated with an axisymmetric Tharsis. Once again, the excess geoid includes nonaxisymmetric Tharsis contributions. There is no clear correlation between the degree-2 excess geoid and the Elyisum rise or the Utopia, Isidis, or Hellas basins.
[37] Following the method of section 4, we find best fit solutions for the Tharsis spherical harmonic coefficients at degree ' by minimizing the misfit function,
where C 'm OBS and S 'm OBS are the observed coefficients and C 'm
T,TD
and S 'm T,TD are the Tharsis coefficients given by equation (4). Minimization of equation (26) , and C 50 T,TD′ = −2.10345 × 10 −5 . The corresponding coefficients for the case with the Tharsis center at the expected location (258.6°E, 9.8°N) can be found using equation (4) and are listed in Table 4 . We characterize Tharsis with spherical harmonics up to degree 5 since higher degree harmonics introduce features that are clearly not associated with an axisymmetric Tharsis centered at 258.6°E, Figure 6 . (a) Observed degree-2 geoid (areoid) and the same geoid (b) without the equilibrium rotational figure, (c) without the equilibrium rotational figure and Tharsis, and (d) without the equilibrium rotational figure, Tharsis, and the remnant rotational figure. (e) Observed geoid up to degree and order 40 and the same geoid (f) without the equilibrium rotational figure, (g) without the equilibrium rotational figure and Tharsis, and (h) without the equilibrium rotational figure, Tharsis and the remnant rotational figure. We use the Jet Propulsion Laboratory Mars gravity field MRO95A [Zuber, 2008] . The centers for the Tharsis and Elyisum rise and the Utopia, Isidis, and Hellas basins are indicated by the corresponding first letter. The paleopole location is indicated by the letter P. 9.8°N. Our results are not significantly changed if Tharsis is characterized with higher degree spherical harmonics since the misfit function (equation (26)) yields small spherical harmonic coefficients in this case.
[38] Figures 6e-6h show the observed geoid up to degree and order 40 and illustrate the effect of removing the equilibrium rotational figure, Tharsis, and the remnant rotational figure. We remove axisymmetric Tharsis contributions up to degree and order 5 using the spherical harmonic coefficients in Tables 3 and 4 . Similar to the degree-2 nonequilibrium geoid (Figure 6b ), the total nonequilibrium geoid (Figure 6f) is not fully centered around Tharsis due to the remnant rotational figure and excess contributions. The remnant rotational figure becomes visible after removal of Tharsis from the nonequilibrium geoid (Figure 6g ). Shorter wavelength geological features (e.g., the Elyisum rise and the Utopia, Isidis, and Hellas basins) become more visible with the removal of the long wavelength geoid associated with the equilibrium, Tharsis, and the remnant rotational figure contributions (Figure 6h ).
Shape
[39] The equilibrium rotational figure, Tharsis, and the remnant rotational figure also affect the shape of Mars. We expand the radius at a point with spherical coordinates (, ) in spherical surface harmonics as
where c 'm and s 'm are spherical harmonic coefficients. The only nonzero spherical harmonic coefficient for the equilibrium rotational figure can be written as
where h 2 T is the secular degree-2 displacement tidal Love number. For the expected thickness of the elastic lithosphere, T e = 58 km, h 2 T = 2.00 ( Figure 3c ) and c 20 EQ = −10422.9 m. Similarly, the spherical harmonic coefficient for the remnant rotational figure for the case when the initial rotation axis is aligned with the z axis can be written as
where h 2 T* = 2.18 (Figure 3c ) is the secular degree-2 displacement tidal Love number for the case without an elastic lithosphere and w * is the initial rotation rate. Ignoring rotation rate variations, c 20 RR′ = −933.204 m for the expected thickness of the elastic lithosphere, T e = 58 km. The spherical harmonic coefficients for the case with the initial rotation axis at the expected location; R = 18.9°and R = 259.5°; are given by c RR 2m
where we use the addition theorem for spherical harmonics. These spherical harmonic coefficients are listed in Table 5 .
[40] Assuming an axisymmetric Tharsis aligned with the z axis, the spherical harmonic coefficients for the planet deformation in response to loading by Tharsis can be written as
where h ' L is the secular degree-' displacement load Love number (Figure 3d ) and C '0 T ′ is the gravity spherical harmonic coefficient for the direct contribution of Tharsis. The Table 3 . Degree-2 Spherical Harmonic Coefficients for the Tharsis and the Remnant Rotational Figure  Contributions gravity and shape spherical harmonic coefficients for the direct Tharsis contribution, C '0 T′ and C '0 T′ , are related by
where r is the density of the Tharsis load. Thus, the spherical harmonic coefficients for the total Tharsis contribution to the topography, including the planet deformation due to loading and for the case when the symmetry axis is aligned with the z axis, can be written as
[41] In equation (33),
T′ are the spherical harmonic coefficients for the gravity field associated with Tharsis and the planet deformation in response to loading by Tharsis. Assuming a Tharsis load density r = 3 g cm −3 ; the expected elastic lithospheric thickness, T e = 58 km; and the gravity spherical harmonic coefficients found in section 6 in equation (33) 
where we use the addition theorem for spherical harmonics. These spherical harmonic coefficients are listed in Table 4 .
[42] Once again, it is useful to focus on the degree-2 topography since the equilibrium and remnant rotational figure are limited to degree 2. Figure 7a shows the observed degree-2 topography and Figures 7b-7d illustrate the effect of removing the equilibrium rotational figure, Tharsis, and the remnant rotational figure. The degree-2 geoid and topography for these contributions are correlated and show many similarities. First, the equilibrium rotational figure dominates the observed degree-2 topography (Figure 7a) . Second, the nonequilibrium topography is dominated by Tharsis, but it is not fully centered around Tharsis due to the remnant rotational figure and excess contributions (Figure 7b) . Third, the remnant rotational figure becomes visible after removal of Tharsis from the nonequilibrium topography (Figure 7c) . Fourth, the excess topography is offset with respect to the Tharsis topography, as expected (Figure 7d) . Finally, there is no clear correlation between the degree-2 excess topography and the Elyisum rise or the Utopia, Isidis, or Hellas basins. The most notable difference between the degree-2 geoid and the degree-2 topography is an offset of the excess contributions (compared Figures 6d and 7d) .
[43] Figures 7e-7f show the observed topography up to degree and order 40 and also illustrate the effect of removing the equilibrium rotational figure, Tharsis, and the remnant rotational figure. We remove axisymmetric Tharsis contributions up to degree and order 5 using the spherical harmonic coefficients in Tables 4 and 5 . Similar to the observed geoid (Figure 6e) , the equilibrium rotational figure dominates the observed topography (Figure 7e) . However, while the nonequilibrium geoid is dominated by Tharsis (Figure 6f ), the nonequilibrium topography is dominated by both Tharsis and the north-south dichotomy (Figure 7f ). Similarly, while the remnant rotational figure is visible in the nonequilibrium geoid without Tharsis (Figure 6g ), the nonequilibrium topography without Tharsis is dominated by the north-south dichotomy and the remnant rotational figure is not visible (Figure 7g ). The absence of the northsouth dichotomy in the degree-2 topography (Figures 7b-7d ) is expected since it is approximately a degree-1 feature. This can be illustrated by considering a simple model. If we assume a height distribution,
where y is the angular radius of the northern lowlands, the only nonzero degree-2 shape coefficient is
which approaches zero as y approaches 90°.
Summary and Discussion
[44] We have used the Martian gravity field to calculate probability density functions for Tharsis' size and location, the paleopole location prior to the formation of Tharsis, and the thickness of the elastic lithosphere at the time of loading. We adopt a revised theory in which the gravitational field is partitioned into equilibrium and nonequilibrium contributions [Daradich et al., 2008; Matsuyama and Nimmo, 2009] . We illustrate the sequence of events and the physics that underlies this partitioning in Figure 2 . Unlike the traditional partitioning into hydrostatic and nonhydrostatic contributions, which is generally not appropriate for planets with an elastic lithosphere, the revised partitioning is consistent with present rotational stability.
[45] Given the observed degree-3 spherical harmonic coefficients, the expected (and most likely) Tharsis center location is 258.6 ± 4.2°E, 9.8 ± 0.9°N, where the uncertainties represent the smallest 90% confidence interval (Figure 4) . This location is different from the location estimated by Zuber and Smith [1997] (248.33°E, 6.67°N). However, the latter estimate is based on the traditional partitioning of the planet figure into hydrostatic and nonhydrostatic contributions. The finite rigidity of Mars complicates this traditional partitioning and leads to an apparent instability of the present rotational state [Bills and James, 1999] . We estimate the Tharsis center location using the degree-3 gravity field and assuming that Tharsis is predominantly axisymmetric at long wavelengths. Our method is independent of the particular partitioning assumed since the degree-3 gravity field does not contain contributions associated with the rotational figure. [46] Given the Tharsis center location and the observed degree-2 spherical harmonic coefficients, the expected elastic lithospheric thickness is 58 −32 +34 km (Figure 5d) . Turcotte et al. [2002] estimated 90 ± 10 km for the global average elastic lithospheric thickness using correlations between gravity anomalies and topography. We estimate the elastic litho-spheric thickness at the time Tharsis was emplaced, while the estimate of Turcotte et al. [2002] includes topography that formed after Tharsis. Since the thickness of the elastic lithosphere generally increases with time [Zuber et al., 2000; McKenzie et al., 2002; McGovern et al., 2004] , as expected due to cooling, our estimated thickness is expected to be smaller than the estimate of Turcotte et al. [2002] . Our estimate is consistent with the estimate of Jellinek et al. [2008] for the elastic lithospheric thickness at the time of Tharsis uplift, ]40 km, on the basis of joint consideration of Figure 7 . (a) Observed degree-2 topography and the same topography (b) without the equilibrium rotational figure, (c) without the equilibrium rotational figure and Tharsis, and (d) without the equilibrium rotational figure, Tharsis, and the remnant rotational figure. (e) Observed topography up to degree and order 40 and the same topography (f) without the equilibrium rotational figure, (g) without the equilibrium rotational figure and Tharsis, and (h) without the equilibrium rotational figure, Tharsis, and the remnant rotational figure. We use Mars Orbiting Laser Altimetry (MOLA) data. The centers for the Tharsis and Elyisum rise and the Utopia, Isidis, and Hellas basins are indicated by the corresponding first letter. The paleopole location is indicated by the letter P. magnetic field anomalies and dynamic topography around Tharsis.
[47] Given the Tharsis center location and the observed degree-2 spherical harmonic gravity coefficients, the expected paleopole location prior to the emplacement of Tharsis is 259.5 ± 49.5°E, 71.1 −14.4 +17.5°N (Figures 5a-5b ). This paleopole location lies within a degree of a great circle passing through the center of Tharsis and the present pole, as expected for any TPW driven by the emplacement of an axisymmetric Tharsis. The expected amount of TPW, 18.9 +17.5 −14.4°, also agrees well with the amount of TPW estimated on the basis of rotational stability, 16.4°, given the expected Tharsis size, Q = 2.5 (Figure 5c ), and Tharsis center colatitude, T = 80.2° (Figure 4a) .
[48] The expected paleopole location (259.5 ± 49.5°E, 71.1 −14.4 +17.5°N ) is significantly different from the estimate of Sprenke et al. [2005] (210°E, 30°N) also inferred using the degree-2 gravity field. However, the latter study adopts the traditional partitioning of the planet figure into hydrostatic and nonhydrostatic contributions. Once again, the finite rigidity of Mars complicates this traditional partitioning and leads to an apparent instability of the present rotational state [Bills and James, 1999] . As illustrated in Figure 2 , we use a revised partitioning into equilibrium and nonequilibrium contributions that takes into account finite rigidity [Daradich et al., 2008; Matsuyama and Nimmo, 2009] . This partitioning is consistent with a present Martian rotational state that is stable [Daradich et al., 2008] .
[49] Several observations have been used to infer that large TPW occurred on Mars. These observations include the distributions of large impact craters that may have traced ancient equatorial satellites [Schultz and Lutz-Garihan, 1982] ; the resemblance between equatorial and polar sediments [Schultz and Lutz, 1988] ; and magnetic paleopole locations estimated using crustal magnetic anomalies [Arkani-Hamed and Boutin, 2004; Hood et al., 2005] . Our estimate for the paleopole location implies 18.9°of expected TPW, and <33.3°of TPW with 90% confidence, driven by the formation of Tharsis. Since Tharsis is the dominant mass anomaly capable of driving large TPW, our constraint on the amount of TPW is not consistent with the large TPW suggested by previous studies.
[50] The expected paleopole location (259.5 ± 49.5°E, 71.1 −14.4 +17.5°N ) agrees with the estimate of Mutch et al. [1976] (250°E, 75°N) , based on the global distribution of valley networks, assuming that they trace the paleoequator. However, Phillips et al. [2001] concluded that the location and orientation of many of the valley networks was controlled by, and hence postdate, Tharsis. In this case, the valley networks are not expected to trace the paleoequator prior to TPW driven by the formation of Tharsis.
[51] Recent studies suggest TPW subsequent to the formation of Tharsis and our constraint for TPW driven by the emplacement of Tharsis has implications for these studies. Perron et al. [2007] show that the long wavelength deformation of putative shorelines [Clifford and Parker, 2001] can be explained by 30-60°of TPW. Similarly, Kite et al. [2009] illustrate that the 5-10°offset between paleopolar deposits and the present rotation axis can be explained by TPW. In both studies, the inferred TPW path is approximately 90°from the center of Tharsis, as expected for a post-Tharsis TPW if Tharsis remains the dominant mass anomaly. Perron et al. [2007] and Kite et al. [2009] found that surface loads can explain the inferred TPW paths. However, the size of the loads necessary to drive the inferred TPW depends on the prior TPW driven by Tharsis and both studies required a large TPW driven by Tharsis. Our constraint of a small TPW event driven by Tharsis precludes the possibility that the surface loads considered by Perron et al. [2007] and Kite et al. [2009] were responsible for the postTharsis TPW. Ancient internal or surface loads that no longer have observable signatures are required to explain the inferred post-Tharsis TPW. The present rotation pole, the pre-Tharsis paleopole, and the center of Tharsis lie within a degree of the same great circle. This close alignment requires that other surface or internal loads no longer represent significant mass anomalies, otherwise the alignment would be broken.
[52] The total nonequilibrium geoid is dominated by Tharsis (Figure 6f ). Our estimated Tharsis center does not coincide with the center of the nonequilibrium geoid ( Figure  6f ) because the nonequilibrium geoid also contains remnant rotational figure and excess contributions. The remnant rotational figure becomes visible with the removal of Tharsis (Figure 6g) . Removal of the long wavelength contributions of the equilibrium rotational figure, Tharsis, and the remnant rotational figure improves the visibility of shorter wavelength geological features (Figure 6h) .
[53] The nonequilibrium topography is dominated by Tharsis and the north-south dichotomy (Figure 7f ). Unlike the nonequilibrium geoid, the remnant rotational figure does not become visible with the removal of Tharsis due to the strong signal associated with the north-south dichotomy (Figure 7g) . Instead, the nonequilibrium topography without Tharsis reveals a better defined north-south dichotomy boundary (Figure 7g ) similar to the elliptical boundary seen in the crustal thickness maps of Andrews-Hanna et al. [2008] .
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